It is known that any integrable, possibly degenerate, Hamiltonian system is Hamiltonian relative to many di erent symplectic structures; under certain hypotheses, the`semi{local' structure of these symplectic forms, written in local coordinates of action{angle type, is also known. The purpose of this paper is to characterize from the point of view of symplectic geometry the family of all these structures. The approach is based on the geometry of noncommutatively integrable systems and extends a recent treatment of the nondegenerate case by Bogoyavlenskij. Degenerate systems are comparatively richer in symplectic structures than nondegenerate ones and this has the counterpart that the bi{Hamiltonian property alone does not imply integrability. However, integrability is still guaranteed if a system is Hamiltonian with respect to three suitable symplectic structures. Moreover, some of the properties of recursion operators are retained.
Introduction
A. If a vector eld X on a manifold M of dimension 2d is Hamiltonian with respect to two di erent symplectic structures 0 and 1 , then its ow preserves the eigenvalues of the recursion operator R = ] 0 1 ; here : TM ! T M is the isomorphism induced by the symplectic form and ] is its inverse. Hence, if R has d eigenvalues which are functionally independent and pairwise in involution, then it is completely integrable. (Since R is the product of two antisymmetric matrices, all its eigenvalues are at least double 24] , and so at most d are independent). Magri 20] showed that a su cient condition for the eigenvalues of the recursion operator to be in involution is that the two symplectic structures are compatible, in the sense that the sum of the corresponding Poisson tensors is still a Poisson tensor. However, not all completely integrable systems are bi{Hamiltonian in Magri's sense, not even in a neighborhood of an invariant torus 5, 13, 6] , or, as we shall say, semi{locally. (In this paper,`semi{local' means always`de ned in a neighborhood of an entire invariant torus').
B. In this paper we study the case of degenerate (or superintegrable) systems, which have more than d independent integrals of motion, say 2d ? n > d with some n < d, and correspondingly have motions which take place on isotropic tori of dimension n, rather than on Lagrangian tori of dimension d. This case includes classical systems like d 1 harmonic oscillators with equal frequencies (n = 1), the Kepler system (d = 3, n = 1), and the free rigid body with a xed point (d = 3, n = 2). In 2] there are a few examples and partial results about the degenerate case (Theorem 8 and Sections 5 and 6); in particular, it is observed there that a degenerate system is Hamiltonian with respect to many more semi{local symplectic structures than a nondegenerate one. The expression of all these semi{local symplectic forms was given in 11], within a di erent context, and was also announced in 3, 4] as part of a proof of a more general result which we will mention later. Since this expression constitutes a prerequisite for the present work, we will review it in Section 2.B.
Our approach is based on the notion of noncommutative integrability, which appears to be the appropriate integrability notion for degenerate systems and is brie y reviewed in Section 2.A. In short, a Hamiltonian vector eld is said to be noncommutatively integrable if it is tangent to the bers of an isotropic bration which, in addition, is symplectically complete, i.e., possesses a polar foliation. We shall moreover say that a system of this kind has n frequencies if it possesses exactly 2d ? n semi{local integrals of motion near any invariant torus.
This point of view gives a thorough geometric insight, which explains the richness of symplectic structures of degenerate systems. As is expected, the reason is in the well known fact that, in the degenerate case, the invariant isotropic tori can be grouped together so as to form in nitely many di erent Lagrangian foliations ( 1] , Section 51.D; see also 10] for a discussion within the setting of 1 Bogoyavlenskij uses the expression`nondegenerate' instead of`anisochronous', but we will use here the former with another meaning. noncommutative integrability), and, as it turns out, each of them corresponds to a bi{symplectic structure.
More precisely, our purposes in the paper are the following:
(i) To give a (geometric) notion of compatible symplectic structures which is general enough to include all the semi{local symplectic structures in which a given noncommutatively integrable system with any number of frequencies is Hamiltonian. In turn, this will provide a geometric characterization of these semi{local symplectic structures.
Speci cally, motivated by the de nition of noncommutative integrability, we shall introduce two distinct de nitions of compatible symplectic structures. They both require the existence of a bration whose bers are`bi{isotropic', have the same a ne structures, and possess a polar with respect to both structures; for the stronger de nition we also require that the two polars coincide. (For details, see Section 3.A). The weaker de nition includes all semi{local symplectic structures of a given degenerate system. However, the counterpart to the existence of more symplectic structures is that the property of being bi{Hamiltonian, even in the stronger sense, does not imply any more the noncommutative integrability of a degenerate system. From this point of view, the bi{Hamiltonian property appears to be similar to the Hamilton{Jacobi equation, namely a way of describing Lagrangian foliations not directly generalizable to the isotropic case. Nevertheless, it is possible to nd three suitable symplectic structures such that any corresponding \tri{Hamiltonian" system is integrable in the noncommutative sense. We shall exemplify the situation in the simplest case of two harmonic oscillators with equal frequencies.
(ii) In the nondegenerate case, the above de nition reduces to the existence of a bration with compact connected bers whose bers are Lagrangian and have the same a ne structure with respect to both symplectic structures. As we shall discuss, this notion of bi{Hamiltonian systems is more general than Bogoyavlenskij's, although retaining its main features regarding the relations between bi{Hamiltonianity and complete integrability (Section 3) and regarding the construction of symmetry by means of the recursion operator (Appendix A).
In the nondegenerate case, the ideas underlying this de nition are not new. The relevance of bi{Lagrangian brations for the bi{Hamiltonian setting appears explicitly, for instance, in 7, 17, 6] , and is also implicit in Bogoyavlenskij's de nition of strong dynamical compatibility (the role of the nondegenerate bi{Hamiltonian vector eld is precisely that of generating such a bration). What seems instead to be new is the consideration of the degenerate, isotropic case.
(iii) Thirdly, at a more elementary level, we address here the problem of whether the independence of the eigenvalues of the recursion operator is really necessary to assure that all bi{ Hamiltonian systems are completely (or noncommutatively, depending on the case) integrable. As we shall show by an example in Appendix A, this is not the case.
D. The paper is organized as follows. Section 2 is devoted to a short review of noncommutative integrability and provides the basis for the whole treatment. Section 3 deals with the de nition of compatible symplectic structures and the characterization of the semi{local symplectic structures compatible to a given one. In Section 4 we investigate the relations between bi{Hamiltonianity and noncommutative integrability. Section 5 is devoted to the example. In Appendix A we consider some questions related to recursion operators and symmetries. Appendix B contains some comments about the adopted de nition of compatible symplectic structures. 
(see 22, 9, 15] ).
With the notation of P3, the coordinates a and will be called, respectively, actions and angles; the are (angular) coordinates on the bers, and b = (p; q; a) are local coordinates on the base B of the bration. Speci cally, the actions a are local Casimirs of (B; ), while (p; q) are local canonical coordinates on its symplectic leaves. Note also that the coisotropic leaves of the polar foliation are locally described by the equations a = const. Hence, (P4) Any leaf of ? is projected by onto a symplectic leaf of B. (D1.2) If, moreover, the bers of have dimension n and X does not possess more than dim M? n rst integrals with di erentials everywhere linearly independent in an open invariant set, then we say that X has n frequencies.
The above de nition of noncommutative integrability is somewhat stricter than usual (one could only require the existence of an invariant foliation, rather than a bration, with not necessarily compact leaves), but this is the case of interest here.
Under the hypotheses of D1.1, in any system of generalized action{angle coordinates (p; q; a; ) of the bration , the Hamiltonian H of X is necessarily a function of the actions a alone, H = H(a). Hence When n = d, noncommutative integrability reduces to the usual notion of complete integrability, that is, to the existence of a Lagrangian bration with compact connected bers di eomorphic to T d , and of the corresponding action{angle coordinates (a; ). The novelty of the degenerate case is related to the existence of the polar foliation and to the Poisson structure on the base manifold, which is strati ed into its own symplectic leaves. In order to understand this structure, it may be useful to refer to Figure 1 (after 10]). There, each`daisy' represents a leaf a = const of the polar foliation, which is in turn bered by the invariant tori (p; q; a) = const (its petals); each of them is based at a point (p; q) of a symplectic leaf of the base manifold (the center of the daisy). Hence, all petals of the same daisy carry motions with equal frequencies !(a). As an example, in the case of a system for which all motions are periodic (n = 1), the`petals' are circles and the daisies are the connected components of the level sets of the Hamiltonian H = H(a) (hence, the`meadow' on which they grow is one{dimensional).
B. The semi{local symplectic structures of noncommutatively integrable systems. We consider now a Hamiltonian vector eld X on a symplectic manifold (M; 0 ), which is noncommutatively integrable with n frequencies. Introduce a system of local generalized action{angle coordinates (b; ) = (p; q; a; ), so that X = ! i (a) @ @ i . In 11] (see also 3, 4] ) it has been shown that, in a neighborhood of any of its invariant tori, X is Hamiltonian with respect to another symplectic structure 1 if and only if
We understand everywhere the summation over repeated indices. Furthermore, we make the convention that the (See 11]; for n = d, conditions similar to C3 were known to Gallavotti 14] and are given in Theorem 9 of 2]). Nevertheless, this possibility cannot be excluded, and systems of this kind do exist. A general framework for this situation, which seems to indicate that complete (or noncommutative) integrability might not be the ultimate integrability notion for Hamiltonian systems, is discussed in 3, 4]. In the sequel, we restrict ourselves to the case G = 0 in order to remain within the framework of noncommutative integrability. If G = 0, then it is not di cult to see (exploiting its closedness) that 1 has the form
where e 1 ; : : : ; e n and f 1 ; : : : ; f 2d?n are arbitrary functions subject only to the closedness condition d(! i d(e i b)) = 0 (2.7) and to the nondegeneracy conditions rank E = n ; rank (F; E) = 2d ? n (2.8) where the matrices E and F, respectively of dimensions (2d ? n) n and (2d ? n) ( We add a nal comment. Any noncommutatively integrable system is obviously semi{locally completely integrable, since the functions I = (p; a) (for instance) are rst integrals in involution. In many cases, the local coordinates q 1 ; : : : ; q d?n on the symplectic leaves can be taken to be angles, so that the generalized action{angle coordinates (p; q; a; ) become`action{angle coordinates' (I; '), with ' = (q; ), adapted to the Lagrangian bration I = const. However, formulas (2.6) and (2.10) may contain also terms in dq i^d q j , in which case the tori I = const are not 1 {Lagrangian. Nevertheless, in the noncommutative approach, only the 1 {isotropy of the smaller tori (p; q; a) = const matters, and this is a less stringent condition. The greater freedom relative to the terms in dp and dq in formulas (2.6) and (2.10) is connected with the possibility of changing canonical coordinates on the symplectic leaves of the base manifold; we shall exemplify this situation in Section 5.
Remarks: (i) To our knowledge, the semi{local characterization of Magri compatible symplectic forms is not known.
(ii) A particular symplectic structure of the form (2.10) for the Kepler system has been given in 21].
Compatible symplectic structures
A. De nitions and semi{local characterization. In this section we introduce two notions of compatible symplectic structures under which all symplectic structures (2.6) and (2.10), respectively, are compatible. These two notions coincide in the nondegenerate case n = d.
De nition 2 (D2.1) Let M be a manifold of dimension 2d and let 0 and 1 be two symplectic structures on it. Assume that there exists a bration of M with compact connected bers of dimension n d, which is bi{isotropic (i.e., its bers are isotropic with respect to 0 and to 1 ); bi{symplectically complete (i.e., has a polar with respect to 0 and to 1 ); bi{a ne (i.e., the restrictions of r ( 0 ) and r ( 1 ) to the bers of coincide). Some equivalent restatements of the condition of bi{a nity are given in Appendix B, where we also show on examples the independence of the three conditions entering De nition D2.1. We also note that the equality of the 0 { and 1 {polars of (as in D2.2) amounts to requiring the equality of the two partial connections r ( 0 ) and r ( 1 ) (not just of their restrictions to the bers of , as in D2.1).
The following Proposition characterizes the semi{local structure of the symplectic forms which @z for all z = p; q and all i = 1; : : : ; n so that e = e(a). Since it has rank 2d ? n on account of (2.8), we conclude that 1 = de i^d i + df r^d b r is nondegenerate. It is obvious that the bers of the projection : C T n ! C are isotropic with respect to both 0 and 1 , and, as we have already mentioned, that its 0 { and 1 {polars are given by the equations a = const and e(b) = const, respectively. The fact that the restrictions of r
and r ( 1 ) to the surfaces b = const (i.e., the bers of ) agree, follows from r (ii) Statement (ii) of Proposition 1 shows that, on a symplectic manifold, there are plenty of symplectic structures which are compatible (for any order) with a given one, at least semi{locally. As is obvious, globally it is another matter. (For some results on this point, in Magri's case, see 6]). (ii) Let ( 0 ; 1 ; ) be a bi{symplectic structure of order n on a manifold M of dimension 2d 2n.
Then, for every point m 2 M there exists a neighborhood C of (m) and a vector eld X on ?1 (C) which is tangent to the bers of , is Hamiltonian and noncommutatively integrable with respect to both 0 and 1 , and has n frequencies.
Proof. (ii) Consider any vector ! = (! 1 ; : : : ; ! n ) 2 R n which is nonresonant (i.e., ! 6 = 0 for all 2 Z n n f0g). Then, in any domain of generalized action{angle coordinates (b; ) of ( ; 0 ), the vector eld P i ! i @ @ i has all the required properties.
Statement (i.2) shows that any two symplectic structures which are`strongly dynamically compatible' in Bogoyavlenskij's sense are also {compatible for some Lagrangian bration . So, in the nondegenerate case n = d, the novelty of our de nition resides in that we relax the anisochronicity condition (1.1), replacing it with the assumption that the vector eld has d frequencies. This actually produces a more general de nition: It is not known to us whether our de nition (as well as Bogoyavlenskij's) is more general than Magri's. If 0 and 1 are Magri compatible, then the eigenvalues of the recursion operator (if independent) de ne a bi{Lagrangian foliation. However, even when this foliation is a bration and has compact and connected bers, it is not clear whether, using the terminology of De nition 2, it is bi{a ne; as noticed by various authors, this is equivalent to the existence of an anisochronous completely integrable bi{Hamiltonian vector eld (see 6] and also Proposition 7 in Appendix B below). On the other hand, we mention that there exist strongly dynamically compatible structures which are not Magri compatible ( 2], Section 5). which also are all double because it is the product of two antisymmetric matrices. Since by hypothesis R has d distinct and independent eigenvalues, it follows that the matrix E has n distinct and independent eigenvalues. Therefore, observing that E depends only on a, one concludes that its eigenvalues are locally invertible functions of the actions a. The proof is concluded by recalling that the level sets of the actions are the leaves of the foliation polar to it.
Proposition 4 shows that, if 0 and 1 are {compatible and is Lagrangian (i.e., = ? ), then any bi{Hamiltonian vector eld is completely integrable with respect to both 0 and 1 .
The conclusion of Proposition 4 is instead much poorer if 0 and 1 are ( ; ? ){compatible, with isotropic but not Lagrangian. The conclusion is that any bi{Hamiltonian vector eld is tangent to the leaves of ? , rather than to those of . We do not know whether this result can be improved. The point is that the only ingredient used in the proof is the very general fact that a bi{Hamiltonian vector eld preserves the d eigenvalues of the recursion operator, but there could be additional constraints (see Remark (i) below). However, one cannot expect, in general, that any bi{Hamiltonian vector eld is tangent to the bers of , as is seen on the following example: 0 = da^d + dp^dq ; 1 = da 2^d + dp 2^d q ; (p; q; a; ) = (p; q; a) : (4. 2)
The two symplectic forms 0 and 1 are ( ; ? ){compatible of order one on R Remarks: (i) One can ask whether the conservation of the eigenvalues of the recursion operator is the only constraint that the bi{Hamiltonian character imposes on a vector eld. As we show in Appendix A.2 by a particular example, this does not seem to be the case: there exist compatible structures which are not independent and nevertheless have the property that any bi{Hamiltonian vector eld is completely integrable. This situation is in our opinion very interesting and warrants further study.
(ii) In principle, if is not Lagrangian, Proposition 4 might not even exclude the existence of systems which are bi{Hamiltonian and nevertheless truly nonintegrable. In fact, if the eigenvalues of the recursion operator are not in involution, their conservation only implies that any bi{Hamiltonian vector eld has as many independent integrals of motion as degrees of freedom, a property which, without the involutivity, does not rule out the possibility of chaotic motions (an example is the 4 vortices system 26, 16, 8] ). However, we do not know if systems with this strange property do exist.
B. Tri{Hamiltonian systems. Even though the bi{Hamiltonian character relative to a bi{ symplectic structure of order n < d does not imply complete (or noncommutative) integrability, there is still a possibility to produce isotropic invariant foliations, namely, that the system be Hamiltonian with respect to three symplectic structures with suitable properties.
The simplest situation occurs when there are two pairs of independent bi{symplectic structures of order d, say ( 0 ; 1 ; 1 ) and ( 0 ; 2 ; 2 ), with di erent 0 {Lagrangian brations 1 and 2 . In this case, any`tri{Hamiltonian' vector eld has to be tangent to the intersection of the bers of these two brations. So, if these submanifolds are isotropic and have a polar foliation, anỳ tri{Hamiltonian' vector eld is noncommutatively integrable.
As we now show, in typical situations, if X is noncommutatively integrable and has n frequencies, one can always nd (at least semi{locally) three symplectic structures as above in such a way that 1 and 2 intersect exactly on the invariant tori of X. Speci cally, let us refer to the situation in which X can be described, at least locally, as a completely integrable system, i.e., the local coordinates q 1 ; : : : ; q d?n on the symplectic leaves can be taken to be angles, so that the surfaces (p; a) = const are Lagrangian tori. In order to construct, at least locally, a second Lagrangian bration, we can for instance introduce new local`action{angle' coordinates (p 0 ; q 0 ) on the symplectic leaves by p 0 u = 1 + 1 2 cos q u p u ; q 0 u = q u + 1 2 sin q u (u = 1; : : : ; d ? n), so that the coordinate circles q u and q 0 u are di erent and 0 = da i^d i + dp u^d q u = da i^d i + dp 0 u^d q 0 u :
Therefore, as one immediately sees, 1 = da 2 i^d i + dp 2 u^d q u ; 1 (p; q; a; ) = (p; a) 2 = da 2 i^d i + dp 0 2 u^d q 0 u ; 2 (p 0 ; q 0 ; a; ) = (p 0 ; a) ; (4.4) have all the required properties. We shall exhibit a slightly di erent, but similar, situation in the next Section.
Example
We consider here the classical system of two harmonic oscillators with equal frequencies. for the equilibrium, which will be tacitly excluded from the considerations below. The periodic orbits are the bers of a bration which can be described, for instance, by the three integrals of motion n f0g. This shows that the coordinates (p; q) on the symplectic leaves kFk = a are cylindric{like coordinates relative to the base (F 1 ; F 2 ; F 3 ), with singularities on the axis F 3 . The presence of some singularities of the generalized action{angle coordinates on any symplectic leaf is unavoidable, since they are compact (and moreover, the Hopf bration is nontrivial). However, the location of these singularities can be chosen at will. This should actually be obvious, since, on account of the isotropy of the system, the periodic orbits in which only one of the two oscillators moves are not di erent from all other orbits.
To show this in a formal way, we construct a new set of generalized action{angle coordinates.
To this end, we begin by making a rotation by an angle in the plane (y 1 ; y 2 ), obtaining the new singularities on the axis F 0 3 , not on the axis F 3 . On every symplectic leaf, the curves p = const and p 0 = const are circles forming an angle 2 , as illustrated in Figure 2 .b. Correspondingly, the two Lagrangian brations I = const and I 0 = const exactly intersect on the periodic orbits. By means of these two Lagrangian brations and of the symplectic structures 0 , 1 , and 2 as in (4.3) and (4.4), one obtains a tri{Hamiltonian structure for the system. Finally, we mention that similar situations are met in the free rigid body with a xed point and in the Kepler system; the details can be reconstructed from the treatments of these systems given in 10] and 12] respectively.
A Appendix
In this Appendix we discuss some questions related to recursion operators.
A.1 One of the distinct features of the standard bi{Hamiltonian approach (see 20, 18] ) is that by repeatedly applying the recursion operator to a bi{Hamiltonian system one obtains new bi{ Hamiltonian systems, whose Hamiltonians are rst integrals in involution of the original system. Only part of this survives in the present approach, just as in 2], and only if we refer to the stronger notion of ( ; ? ){compatibility. Speci cally, the recursion operator produces only symmetries, which could be not Hamiltonian and, in degenerate cases, might even not commute. Proposition 6 Consider a vector eld X which is Hamiltonian and noncommutatively integrable relative to a symplectic structure 0 and which has n frequencies; let be the bration by its invariant tori. Assume that X is Hamiltonian relative to another symplectic structure 1 
B Appendix
In this Appendix we make some comments on De nition 2. We begin by showing that the three conditions entering D2.1 are independent of each other. First, the following example shows that the requirement of bi{a nity is independent of the other two: = const, respectively. Third, it is well known that not every isotropic bration has a polar foliation ( 25] , Section 4.6).
The next Proposition contains a number of equivalent restatements of the condition of bi{ a nity, which should help clarify its meaning:
Proof. We denote by (b; ) = (p; q; a; ) a system of 0 {generalized action{angle coordinates of and by X i H the i {Hamiltonian vector eld of a function H. and r ( 1 ) agree on a basis for the sections of , and so their restrictions to the bers of are equal.
(i) ) (iv): For any nonresonant ! 2 R n , the vector eld ! i @ @ i has all the properties stated in (iv). (It is 1 {Hamiltonian because so are the vector elds @ @ i , as proven in (i) ) (iii) above). Finally, note that (iii) ) (ii) is obvious while (iv) ) (i) follows from statement (i) of Proposition 2.
